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Introduction

T HE problem of free vibrations of spherical shells has attracted
great interest of investigators because of important applications

of such structures in aerospace and mechanical engineering.
The classical eighth-order theory and analytical solution of the

transverse vibrations of shallow isotropic spherical shell have been
given by Johnson and Reissner1 and further for the coupled longi-
tudinal and transverse vibrations was given by Kalnins.2 A 10th-
order free vibration theory for moderately thick shallow spherical
shells has been established by Kalnins.3 A closed-form solution
was obtained by the present authors for free vibrations of trans-
versely isotropic laminated shallow spherical shells including shear
deformation.5 Generally, it is difficult (or impossible) to solve
analytically dynamic problems for anisotropic spherical shells, in-
cluding those with orthotropic layers. That is why approximate or
numerical methods should be used.

In the current study, variational formulation is used to derive the
free vibration equations of laminated shallow spherical shells com-
posed of polar orthotropic layers for both shear deformation (SH)
and the classical-type (CL) theories. These equations are solved
then by the Godunov method, and some insight into the behavior
of vibrating composite spherical shells is achieved by the examples
shown.

Formulation of Problem
Let us consider a laminated shallow spherical cap of radius R

composed of linearly elastic polar orthotropic layers with constant
thickness, (r, 9) are polar coordinates in the shell platform (r e
[0,a]).

The displacement distribution through the shell thickness is as-
sumed as follows:

where V^i an
and

9, w} = {«?, u°, w°} + {ztfri, 5^2, 0} (1)

are independent rotations of normals for SH theory,

dw dw
— , — —3r rdO (2)

sion of the term exp(z'pf), one obtains the free vibration equations
in dimensionless form:

LijUj=0 (3)

where i, j = 1, 2, . . . , 5, for SH theory, and i, j = 1, 2, 3 for CL
theory. Summing on j is supposed here.

Denoting:

U = [Ul9 U2, U3, U4, U5] = [ur, ue, w, ̂ i, ^2} (4)

operators L/; and L*. are for SH and CL theories, respectively:

L\\ = Ln = r——- + — — — + ——— + kurdr2 dr r r dO2
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for the CL case, where (z, r, ur, UQ, w, R) = (z, r, u®, wjj , w, R)/a.
The following hypotheses are assumed: thinness (h/R <$C 1, h is

shell thickness), shallowness (following Reissner4 it is assumed here
that a shell is shallow if the condition is satisfied 0 ~ -^ < |, @ is
the half-angle of shell openness), the transverse normal stress crz is
assumed to be zero.

Applying Hamilton's principle to the three-dimensional func-
tional of full energy of the shell, after variation procedure and omis-
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where {A/,-, Z?/;, /)/,-} are the stiffness matrices (with the shear cor-
rection factor assumed to be |), {R(), R I , R2} are the inertia mo-
ments, p is the angular frequency, and t is the time variable. A

( d2 d 1 \ 71 a2 distance from the external face surface of the shell to the reference
r ~^2 ~^~ d7 ~ 7 ) ~*~ 7~ ##2 ~~~ &r + ^Ar (5) surface is chosen then to satisfy the condition B\\ —

' T1"i<=» 1-»r»nnHQ-rx7 rT»r>Hitir»r>o r»r»noirlp'r<arl a-r^ \\\f± r«1ci

r2 a<92 +

The boundary conditions considered are the clamped circular
edge, and the requirement of regularity at the apex is replaced here
by the condition of free boundary at the circumference of a small
radius 8 near the apex.

Note that, for the limiting case of isotropic shell, Eqs. (5) and (6)
are reduced into well-known .equations given in Refs. 2 and 3.

Solution Method
The separable solutions of Eqs. (5) and (6) are presented as

(ur, w, Vi) = (M> W, ^i}cosn9

(8)

Taking into account Eq. (8), Eqs. (5) and (6) are represented in
a _ 1 / a 3 a2 \ following matrix form:
(> 8 ^ \ 9r3 a r / {7(r)},r - [5]{7(r)}r, [y(r)} = [T]{y(r)}T (9)

773 + 2/75 a3 77^ / a2 ^ ^ \ along with the boundary conditions
drdO2 r2\d62 dr J r ^ L - , r w / - i M . Q [5^1(7(5)1 = 0

- do)
dr ,

where

M; = [^ + ̂  + (7?3 + 2775)—— {^} = (". M/ ' v, i;;, W, W, ^ l f vl/j, vI/2, ,L /? ar2

{y} = {M, wr, i;, u', W, W;, W/r, W;//}

The terms [5], [T], [BL], [BR], [CL], and [CR] are numerical
matrices.

3 /1 2 i ^ \ According to the Godunov method,7 the solutions of problems
-L~ =r —— +2—— + 2(y4 + 276) | - —— - — — + — 1 (8-9) are written as follows:

ar2 r2 ar r3 / For SH:

k = i
For CL:

ar (11)' -*2(772 + 773) a2 , _^r
where ck and c*k are unknown constants, the functions {7(r)}* and

_ A I A — A IA (y(r^}k satisfy the boundary conditions (8) at the left edge (r = 1),
72- 227 u, 73-A1 2 /An and initial vector sets (7(1)}* and {^(1)}^ are chosen to be linearly

y4 = Di2/Dn 75 = A /A — D ID independent. Then the boundary conditions (9) at the right edge
yield the eigenvalue equation. Functions {7(r)}fc and {y(r)}k are

y7 = Aii/A5 5 , 78 = A12/A55, Y9 — A22/A55 produced numerically by any algorithm of the initial value prob-
lem solution. Simultaneous integration of 50 for CL-case and 32 for

y45 = A44/A55, YI = Ana2/Du, y8 = Ai2fl2/£>n SH-case ordinary differential equations by the Runge-Kutta-Gill
method is executed here. To keep the numerical stability of compu-

79 = A22fl2/Z>n, fi = Bn/Ana, £2 = B22/A\\a tations for a wide range of system parameters, the Gram-Schmidt
orthogonalization of vectors (7(r/)}^ and {y(r/)}^ is employed after

£4 = B66/A55a, £5 = B66/Aua each step of the integration.
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Numerical Results and Discussion
A three-layer spherical shell made of the high-strength graphite/

epoxy (HSG) material with the properties Ei/E\ = ^, Gij/E\ =
^r, v\ = 0.27 (Ei and G// are Young and shear moduli and v/ is
Poisson's ratio) is tried in parametric studies. The fiber orientations
of the layers are specified as (p = 0 deg if the maximum Young's
modulus EI is in meridional direction and <p — 90 deg for the
circumferencially reinforced layer. The following notations are in-
troduced in this part: / = h/a and Q = pa2h^/l2(l — ViV2)p/Ei.
The thickness of the inner layer is taken to be equal to 0.2 of the
shell thickness (h^l h = 0.2). The radius of the inner circumference
for the spherical shells is set at 8 = 0.01, and hi is the thickness of
upper layer.

The comparison of results obtained by the current method with
known ones2'5'6 has shown that maximum relative difference is less
than 1.5% for both CL and SH theories.

The dependences of the first two dimensionless natural frequen-
cies £2 of a polar orthotropic three-layer shallow spherical cap on the
inner layer location (defined by the hi/ h ratio) are shown in Fig. la

(0/90/0 lamination) and Fig. Ib (90/0/90 lamination). It is shown
that the 0/90/0 lamination yields a higher value of natural frequen-
cies than the 90/0/90 lamination. For the axisymmetric eigenmode
(TI = 0), the 0/90/0 shell with small hi has the highest natural fre-
quency (Fig. la), whereas for the 90/0/90 lamination the highest
value of the natural frequency is reached with small /z3 (Fig. Ib)
(/*3 is the thickness of the lower layer). This is explained by the
larger dynamic stiffness of the 0-deg layer for the axisymmetric
eigenmode.

The dependences of the first two dimensionless natural frequen-
cies £2 of symmetrically laminated three-layer shallow spherical
shells on the half-angle of openness 0 are shown in Figs. 2a and 2b,
respectively. It can be seen that for both shell types the frequency
associated with the axisymmetric mode shape (n = 0) is more sen-
sitive to the 0 change. That is why the tendency to the rearrange-
ment in the order of eigenmodes is observed with increased 0; that
is, after a certain value of 0, the lowest frequency is associated
with the asymmetric mode shape (see, for example, graphs 3 and 6
in Fig. 2a).
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Fig. 1 Spherical cap, © = 10 deg; curves with n = 1:1 and 3—/ = 0.1,
2 and 4—/ = 0.15; curves with n = 0: 5 and 6—/ = 0.1, 7 and 8—
/ = 0.15; solid lines are for the SH case and dashed lines are for the CL
case: a) 0/90/0 and b) 90/0/90.
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Fig. 2 Spherical cap, h\/h = 0.4; curves with n = 1:1 and 3—/ = 0.1,
2 and 4—/ = 0.15; curves with n = 0: 5 and 6—/ = 0.1, 7 and 8—
/ = 0.15; solid lines are for the SH case and dashed lines are for the CL
case: a) 0/90/0 and b) 90/0/90.
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The comparison of results predicted by the SH and CL theories
shows that differences between them increase with the increase of
relative thickness, as well as with a rise in the number of an eigen-
mode (Figs. 1 and 2). For example, for the 0/90/0 lamination with
hi/h = 0.4 and h/a = 0.15, the frequency ratio associated with
the first vibrational mode &$/ Q^jf- = 1.16, whereas for the second
mode fijjjjy ^H — 1-56 (see Fig. la, graphs 2 and 4 and graphs 7
and 8).

The convergence of SH and CL results is observed with an in-
crease in 0 (Figs. 2a and 2b).
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Nomenclature
= 2nM x2nM state matrix
= damping n x n matrix of the system
= vector of the 2nM inputs
= vector of the n external forces
= stiffness n x n matrix of the system
= mass n x n matrix of the system
= vector of the n degrees of freedom

= m x 2n matrix formed by zeros and ones
: singular values of the O matrix
= vector of the 2nM states
= integer parameter that assumes the values 0 or 1
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fi = adimensional damping coefficients
coi = natural frequencies of the system
( ' ) = time derivative

I. Introduction

T HE optimization of the test setup in experimental modal ana-
lysis, the so called pretest analysis, is important to allow the

execution of vibration tests on large structures. To reduce measure-
ment time and cost, the test has to be performed using the least num-
ber of sensors and shakers that will identify the structural modes in
the measured frequency range.1 This paper issues the optimal lay-
out of sensors for experimental modal testing as a testbed for using
genetic-algorithm (GA)2-based procedures in the solution of sensors
and actuators optimal placement for adaptive structures design.3"5

In the pretest phase, only the results of numerical modal analysis
are available and used to look for the optimal sensors layout. The
sensors position defines the subset of measured degrees of freedom
(DOF) in the set of finite element mesh DOFs. Pretest analysis looks
for the best choice of the elements of this subset by assembling a
reduced experimental model defined by measured DOFs only. In
many actual problems the number of DOFs of the finite elements
model n is quite large, although the experimental measurements
can be performed just at few points. Thus, calling m the number of
measured points, m <^n. The problem of finding the best subset of
m measurement points in a n sized mesh belongs to the family of
combinatorial optimization which requires the simple combinations
of n elements in a class of m.

For real problems the number of independent solutions is very
large, and enumerative methods become computationally useless.
On the other hand, the discrete nature of this problem suggests the
avoidance of the use of analytical optimization methods both due to
the lack of gradient informations and robustness in direction find-
ing procedures. This kind of problem presents many local optima;
and gradient information allows local peaks to be reached leading
to solutions depending on the starting conditions. A more feasible
approach is represented by a combinatorial method, which treats
the coordinate of a grid node as a two-state variable. The latter can
be switched on, if chosen to a measure point, or switched off, when
inactive. By following this discrete formulation, several heuristic
methods have been proposed6'7 although most of them do not fit
completely in the combinatorial nature of the present task. In fact,
they cannot treat the whole set of measured DOFs as a single opti-
mization variable but treat each of its elements one at a time. The
drawback of finding local optima is overcome by using either simu-
lated annealing or other stochastic algorithms. These methods allow,
at least during the initial phase of the optimization, movement to-
ward nonimproving solutions. Moreover, the methods deal with a
set of points in solution space, thus avoiding that the solution to be
dependent on initial guess.8

Many features of the GA meet the discussed requirements and
thus, its suitability is suggested for solving these kind of problems.9
The features are summarized in the following points:

1) GA allows the direct treatment of the set of measured DOFs as a
single optimization variable, instead of assigning one variable to any
measured DOF. Moreover, a discrete problem can be implemented
by considering the integer numbers that represent the DOFs in the
finite element model as optimization variables.

2) Like other stochastic methods, GA evaluates at any iteration a
number of different solutions equal to the number of individuals of
the population. This fact guarantees that the solution will converge
to a sufficiently general optimum, regardless of the starting guess.
The optimization procedure is based only on the evaluation of the
objective function, without any need of gradient information.

3) GA shows all of the generality typical of simulated annealing
and other stochastic methods. Its strength comes from the use, be-
side these techniques, of evolutionary criteria in selection. This fact
guarantees a fruitful equilibrium in selecting good solutions among
the available ones and exploitation of new directions in solutions
space by generating new genetic material from well performing old
individuals.

4) The computational effort does not directly depend on the com-
binatorial order of the problem but is related to the size of the popula-


